Integral Calculus

Integral calculus is the process of finding the function itself when its derivative is known.
This process is called integration.

Suppose we are given the relation %E = 3x- and we are asked to find y.
X

Using our knowledge with derivatives we can say that y = x° because we know that

d
—(x3): 3%
dx
However, the derivatives of other functions suchas y = x +2, y=x-7, y =X +./5

also equal 3x2. So we can say that the solution of this differential equation is

3 . . .
y =X +C Cisaconstant (constant of integration)

This differential equation can also be writtenas dy = 3x dx

We say that dy is the differential of y in terms of x and dx, and dx is the differential of x.



The symbol | denotes integration. The integral [f(x)dx is an indefinite integral

b
and [f(x)dx is a definite integral. When we evaluate indefinite integrals, we
a must always add the constant of integration C.

Indefinite Integrals

We have some rules that make solving integrals easier.

1. The integral of the differential of a function x is x plus an arbitrary Id:-: — x4+C
constant C.
2. A constant, say a, may be written in front of the integral sign. Iadx - Idx

3. The integral of the sum of two or more

differentials is the sum of their integrals. ,[{dxl X, 4. dxy) = J-dxl * jdx? T J.dxﬂ

4. 1f n#-1, the integral of x"dx is obtained by . ° !
adding one to the exponent and dividing by the _.-‘{ dx =
new exponent.

+ C
n+1



TABLE 5.1 Differentials and their integral counterparts

Differentials Integrals
1 du —
du = gdx j.du =u+C
Z d(au) = adu jach: _ aj-dx
3 d(x, +X,+ ... +X,) = -
dx, +dx, +... + X, J-(dx1+dx3+_..+dxn)—
J‘ch:l + jd:;;2 + ...+ Idxu
4 n n-1 o+l
d(x') = nx dx Ixud}(:}( +C
n+1
? d(Inx) = dx _[d—x = |lnx| +C
X X
6 d(e”) = e'dx Iexdx =e +C
{ d(a®) = a"lnadx Iaxdx S
Ina
8 d(sinx) = cosxdx J-cc-sxdx = x4 C
9 d(cosx) = —sinxdx Isinxdx — _ cosx 4 C
10

d(tanx) = sec “xdx

¥
Isec xdx = tanx + C




Definite Integrals

The area under the curve y = f(x) between y y=1(x)

points a and b can be found from the integral \
7

pr(x)dx = F(x)|° = F(b) -F(a)

a | b

F(x) is the integral of f(x)dx

» Mmeans that we must first replace x with the upper value b, that is, we set x=b
a to obtain F(b), and from it we subtract the value F(a), which is obtained by
setting x = a.

F(x)|

b = upper limit of integration
a = lower limit of integration

Note that the constant C cancels out so we can ignore it.



48.10 Find the area bounded by the parabola y = 8 + 2x — x* and the x axis.
The x intercepts are x = —2 and x =4; y =0 on the interval —2 = x =4, See I'ig. 48-4. Hence

4

4 . "fﬁ
A J (8 + 2x — x*) dx (Hx-}-x‘ _T)

1

F-

43 -2 3
= (S - 4—!—41—?) —I:H(—Ej —I—l[—l']?'—Ilr ,‘1} ] = 36 sq units

‘_v

Fig. 48-4



48.12 lind the arca bounded by the curve y = x' — 9x, the x axis, and the ordinates x = —2 and x = 4.
The purpose of this problem is to show that the required area is not given by _{iz(xj —9x) dx.
From Fig. 48-6, we note that y changes sign at x = 0 and at x = 3. The required area consists of three
pieces, the individual areas being given, apart from sign, by

(] ) ) 0
Aj=| (=9 dx=(1x'=2x") =0—-(4-18) =14

( 3 1.4 9.2 3 Bl il Rl
Ay = “(x —9x) dx = (3.1' —3X )n = T_T}_{} =—3

il 4 -
Az = | (' =9x) dx = (1x*—32%)|, = (64— 72)— (& -3 = &

o

Thus, 4 = A} — Ay + A3 = 14 + 8 4 2 = 2 q units.
Note that Jizixf* —9%) dx =6 < A, an absurd result.

fx) y

Integration of the
function between a and
b gives the area above
the curve minus the
area below the curve
i.e. the area in blue.

Fig. 48-6



Exercises

1. Evaluate the following indefinite integrals

2. [3xdx b [(5x°+6x —12)dx c. [3e™Vdx
J J jax e |

2. Evaluate the following definite integrals, that is, find the area
under the curve for the lower and upper limits of integration.

) ] 5
a. I(Exj—ﬁf+3x}dx b. j(3x-+ﬁx—ﬂ}dx

1 3



The Substitution Rule

Suppose that we want to find f(cgg(_-r?) - x)dzx.

Since sin(x) differentiates to cos(x), as a first guess we might try differentiating the
function sin(x?).

By the Chain Rule y:sin(xz) Let X2 =
y =sinu ﬂ:cosu OI—u:2x
du dx
_dy dy . du

= COSU - 2X = 2xcos(x2)

Tdx du dx

We can remove the factor of 2 by dividing by a constant.

1 . .
sin(2?) = = - 2cos(2?)z = zcos(2?) = f(z).

1

d sin(z?)

1 d
dr 2 2 dx

. ey el
So, /ICDS(IE)dI = smé:r ) + (L




This technique will work for more general integrands

Substitution rule for indefinite integrals : for a function f(u), where u is a function of x i.e.
u(x) and u is differentiable:

du
ff(“(i'))id-l‘ = /f(u)du.

Substitution rule for definite integrals: assume u is differentiable and suppose c = u(a)
and d = u(b).

b du e
fﬂ flu(z))5de = f Flu)du:

%dm

Notice that it looks like you can cancel in the expression dT  to leave just a du. This
du

does not really make any sense as dxis not a fraction. but is a good way to remember
the substitution rule.



Example

Consider the integral

2
f rcos(x® + 1) dx
0

By using the substitution 2 = x* + 1, we obtain du = 2x dx and

2 1 72 )
f zeos(z® + 1) dr= E/H cos(z” + 1)2xdx
0

= %flj cos(u) du
= %(sin(S) — sin(1)).

Note how the lower limit x = 0 was transformed into # = 0>+ 1 = 1 and the upper limit x
=2intou=2"+1=5.



Integration by Parts

Integration by parts for indefinite integrals

Suppose f(x) and g(x) are differentiable and f(:r)g( )dr = f(x)g(zx) — ff (z)g(x
their derivatives are continuous. Then

If we write u=f(x) and v=g(x) then using the
Leibnitz notation du=f'(x)dx and dv=g'(x)dx and f-udu = uy — fmfu.
the integration by parts rule becomes

Integration by parts for definite integrals

[ 1@z = [fa q(a] - [ F(@)o(z)z
= 1(B)9(b) ~ f(@g(a) ~ [ ['()g(a)d

This can also be expressed in Leibniz notation.

b b b
/ udv = [uru] - [ vdu.
i a Jia



Example Find

f x cos(x) dx

Here we let:

1 =x. so that du = dx,
adv = cos(x)dx . so that v = sin(x).

Then:

/mms{:r)dzr= /u-dtr

= uv—-fvdu

f:rcus(:r)d:t: = zsin(x) — fsin(:n) dx
/m cos(z) dr = zsin(z) + cos(zx) + C'

where (' 1s an arbitrary constant of mtegration.



Example

fxze‘r dx

In this example we will have to use integration by parts twice.

Here we let

u=x". so that du = 2xdx.
dv=¢dx.sothatv=2¢".

/xze‘”d:rz fud’u

zuv—fvdu

f:riezdx = r’e® — /23:E$d:c = 22" — 2/:::(-3‘“ dx.

Then:

Now to calculate the last integral we use integration by parts again. Let

1= X so that du = dx.
dv=¢&"dx. sothatv=¢"

and mtegrating by parts gives
/:t:e"’d:v =ze" — fﬁ"’da: =g — e,

So in the end 2 x 2 x T T 2 x T T y 2
/:re dr =zx"€¢" — 2(ze" — ") = x7e” — 2ze” + 2" = e"(z” — 22 + 2).



Problems.

1. Integrate each of the following differential equations.

a.) y' = x2-sin x

b.) y' = 3t2 + (Int/t)

c.) y' = (cos x) - esinx

d.) y' = xsinx?

e.) y' =sin x - cos X

f.) y' =x2- cos x3 - sin x3

2. Use integration by parts to calculate each of the following integrals.

(a) | x - ¥ dx
(b) | x2 cos x dx

(c) | x2 e* dx
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